We consider a pseudodifferential operator P whose symbol has an asymptotic expansion by quasi homogeneous symbols and the principal symbol is degenerate on a submanifold. Under appropriate conditions, P has the discrete spectrum. Then we can get the asymptotic behavior of the counting function of eigenvalues of P with remainder estimate according to various cases.
Introduction.
We consider the asymptotic behavior of eigenvalues for a class of pseudodifferential operators on R n containing the Schrόdinger operator with magnetic field: Throughout this paper we assume that the magnetic potential a(x) satisfies:
a(x) = (a x (x), a 2 (x), ... , a n (x)) e C°°(R* R n ) and the scalar potential V(x) satisfies V(x) e C°°(R n R). We regard p w (x ,D) as a linear operator in L 2 (R n ) with domain C^(R n ). Under appropriate conditions, we shall see that p w (x, D) is essentially self-adjoint in L 2 (R n ) and its self-adjoint extension P is semibounded from below and has a compact resolvent in L 2 (R n ). Therefore the spectrum σ(P) of P is discrete, that is, σ(P) consists only of eigenvalues of finite multiplicity. Thus we can denote the eigenvalues with repetition according to multiplicity by: λγ < λι < , lim^^oo λfc = oo. We consult the asymptotic behavior of the counting function Np(λ) of eigenvalues: as A -> oo. In particular, Helίfer and Robert [8] have obtained the asymptotic formula of N P (λ) for a class of quasi elliptic pseudodifferential operators containing the anharmonic oscillator: V(x) = a\x\ 2k in (0.3) (a real > 0, k integer > 2). They have found not only the first term but also the following several terms of Np(λ). Aramaki [3] extended the result to the case containing the operator of the form, for example, V(x) = x\ + x\ + ax\ (a real > 0) in R 2 . For general a(x) and n = 3, under the condition in (0.3), CombesSchrader-Seiler [5] had the result (0.
7) N P (λ) = M(λ)(l + O(λ~δ))
as λ -• oo for some δ > 0. Thus we consider a pseudodifferential operator p w (x, Z>) of order m with Weyl symbol p(x 9 ζ) which has an asymptotic expansion by the quasi homogeneous functions:
=0
Such operators are treated by [3] . Under a suitable hypoelliptic condition, we shall get the asymptotic formula similar to (0.7).
The plan of this paper is as follows. In § 1, we give the precise definition of the operators mentioned as above and give some hypotheses.
In §2, we construct the parametrices of P -ζl for some ζ e C where / denotes the identity operator in L 2 (R n ). Section 3 is devoted to the construction of complex powers P z (ZGC) of P. If the real part Re z of z is negative and sufficiently small, P z is of trace class and the trace Tr[P z ] has a meromorphic extension Zp(z) to C. Thus §4 is devoted to the study of the singularity of Z P (z). In §5 we examine asymptotic behavior of eigenvalues with the remainder using the technique of Aramaki [4] . Finally §6 gives an example which illustrates our theory.
Definitions of operators and some hypotheses.
In this section we introduce some classes of pseudodifferential operators on R" and give our hypotheses.
Throughout this paper, fix a multi 
for all λ > 0 and (x, ξ) e R 2 "\0 where
Then the meaning of the asymptotic sum in (1.1) is as follows: For any integer iV > 1 and multi-indices a, β, there exists a constant
for all (x,ξ)e R 2n such that r(x, ξ) > 1 where (a,h) = Σ"=ι <*jhj for multi-indices a = (cq, α 2 , ... , α rt ) and h = (h\ 9 Ii2 9 ... 9 h n ) as above (cf. Robert [9] ).
Next we define a pseudodifferential operator P with the Weyl symbol p(x 9 ξ) as above:
for all u e S(R n ) which denotes the totality of rapidly decreasing C°°f unctions and x -ξ = Σy=i ^Ô ur first assumption is: 
. ,X).
If we write ΛΓ = (ΛΓi, X 2 ) e N P Σ = N p Σχ@N p Σ 2 , then it follows from (1.4) that
Thus we define a form p(p, X) on N P Σ and the set Γ^ (p e Σ) as follows:
Helffer [6] ). Moreover we assume the following: 
, then P o is essentially self-adjoint. If we also assume (H.5) in addition to (H.I) ~ (H.4), then the closure P of PQ has a compact resolvent and the spectrum consisting only of eigenvalues of finite multiplicity. Here we note that the defi-
, P is semi-bounded from below, i.e., there exists a real number C such that for all u e D{P), ((/> + C)u 9 u) > 0. Let λ\ < λ2 < ---, lim^oo λfc = oc, be the sequence of eigenvalues with repetition according to multiplicity and N P (λ) be the counting function of eigenvalues as in the introduction.
Finally, in our arguments, we may assume:
(H.6) P is positively definite, i.e., λ\ > 0. Now let p € Σ. Then we can choose a local coordinate system w = (u\, U2, v, r) in a quasi conic neighborhood W of p where U\ = (κn,...,κ lέ/i ),
are quasi homogeneous functions of degree 0 with dutj , dv k being linearly independent and Σ z = {un = = u id =0}
(ί=l,2). J 1
Then we must define a micro-local symbol class containing S^ '^n . where /?χ = (d\ + r" 7 ) 1 / 2 . Note that the symbol class is the Frechet space with the usual semi-norms.
The following five propositions follow from routine considerations and so we omit the proofs (cf. Aramaki [2] , [3] and Helffer-Nourrigat [7] 1,2,3 ) are quasi homogeneous of degree -hj, -/cy:, C 4 j, Z>4 7 are of degree 1 -hj 9 1 -kj respectively, the formula (1.5) leads to
It is easy to see that for all u G D(P). Then we can define complex powers P z of P as follows. Here Γ is a curve beginning at infinity, passing along the negative real line to a circle \ζ\ -8Q (0 < 6Q < γ), then clockwise about the circle, and back to the infinity along the negative real line. Note that the definition of P z (z G C) is well defined (cf. Shubin [11] and Seeley [10] ).
We set Λ as the union of a small open convex cone containing the negative real line and {ζ G C; \ζ\ < (SQ + γ)/2}. Then we define the symbol, for Re z < 0, For / = 2, we have
J\C\=δp(x.£) \ζ\=δp(x,ξ) -p t-\a χ \-\a 2 \ll
This completes the proof.
End of proof of Theorem 3.1. Since fc(C) G Si h %**(W 9 Σ, Λ) and for some constant C z , then P z is an operator of trace class and the trace is given by:
Jr<\ is an entire function, we may consider:
In order to do so, we need the following proposition. PROPOSITION 
Let f(z;x,ξ)
be a C°° function on CxR w xR"
( 
Jo as r -• oo . Thus we have, with an another constant C > 0, Then it is easily seen that dX hp = λ m^d^lM dX p for A > 0, i.e., dXp is quasi homogeneous of degree m(d\ + d 2 /l)/M = miVi. Next we define a positive C°° density on Σ as follows: Choose a local coordinate system (u, ι/) where w = (wi, u 2 ) is as in §2 so that dxdξ = dudv', so dv' is quasi homogeneous of degree \h\ + \k\. Then we define dp = /(/?) ί/f 7 |^ where is given by: 
Asymptotic behavior of eigenvalues.
In this section we shall consider the asymptotic behavior of eigenvalues of P under the hypotheses (H.I) ~ (H.6). Let the eigenvalues of P according to multiplicity be λ\ < λι < -" and Np(λ) be the counting function of eigenvalues: Np(λ) = #{j λj < λ} . The following theorem is useful in the sequel. THEOREM The proof is essentially due to the inverse Mellin transformation and given by [4] . Now we return to our consideration. Here we note from the construction of the parametrix of P -ζl and the same arguments as in + 1) ). In this case the result also follows from [3] .
